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8DMMABX OF MESKAKCH 

Various aspects of the propagation of an inttnno laser beam 

through the atmosphere are considered.  The basic laser-fluid 

equations ar^ presentee' and a linearized anal/sis of these equa- 

tions is Given which predicts a very ]ow power threshold for 

Iruecknr.r-Jorna-type convoctive inctabilitios. Another class 

of instabilitios is predicted to be of morn practical importance 

than UM convnetive instabilitios and an effective heynolds number 

is derivnd which nay help to characterize thesr turbulent insta- 

bilities.  A co-nputer solution of the full set of non-linear 

equations is described, and the concept of "utility aralysis" 

of numorical differencing schemes is introduced.  With the com- 

putation scheme used, the laser pulso could be followed for only 

10  seconds; so enennjus energy was put into the pulse to en- 

hance the interaction with tho fluid.   hue tiv initial pulse 

distortion could bo observed.  Analytical evaluation of the com- 

puter results produces a detailed quantitative ch-ck and suGRests 

that a comUnation of analytic and numerical methods would al- 

low a pulse to bo conveniently followed for much longer periods 

of time. 
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Instabilities of intense laser beams in air* 
John D. Reichert 

W. L Wagner and W. Y. Chen 
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I. INTRODUCTION 

Tin1 present papi-r iintl thr fdllnwnn; paptT1 arc con- 
cvnu'o with Uif distiiitinns of a laser Ix-am priHluccd liy 
(K'lisitv and tlicrmil varialiuns in a Ihnd medium. Tliesc 
d'stortions have hien tlw siili|ett   if many investigations 
wliich can be il.issitii'd into tm v;rou|'s, drper.dm^, upon 
whether time dependence is considered.  Most available 
expi'iimi'iils .ire convemenlly understood bv refert nee to 
thenretual studies ol the   ■ross effects of thermal dep- 
osition and fluid motion which assume that a steady 
state will be ai-hieved for the deduction and distortion 
of the laser beam. On Um other h.ind Mrueckner and 
Jorna2 have discovered that some of the solutions for 
I.earn propagation are unstable so that under certain 
conditions a steadv state ni'v not develop. The Brueck- 
nei -.lorna instabilities wire discovered m a linearized 
.II..I!VSIS. tint the threshold |or such instabilities has not 
been discussed previmislv.  The Rrueckner-.Iorna in- 
stabilities are not observed in practice because they are 
convective instabilities and cannot   levelop within typical 
distances allowed for the pro|).iRation of beams in the 
laboratory. 

In the present paper the Im ' iri/,ei| analysis is present- 
ed, keepinu the four-photnn cou i'iiu'. induced bv periodic 
fluctuations in the dielec ric con.taut, so that among 
other tliini;!' the threshol 1 behavior will be exposed. The 
basic equations are nivrn in Sec. II ,uid the linearized 
analysis is presented in Sec. III.  In Sec. IV another 
class of instabilities is predicted to be of more piactical 
importance than the corivrctive msl ihililies and an ef- 
fective Keynolds number is derived which may help to 
characterize these turbulent instabilities. 

The companion paper1 describes a computer solution of 
the full set of nonlinear laser-fluid equations.  Knormuus 
power MM presumed for the laser beam in order to 
drive the laser-fluid interaction as fast as possible in an 
attempt to watch the onset of distortions of the beam. 

II. BASIC EQUATIONS 

When .in intense laser beam propagates throuuli a fluid, 
many interstinn phenomena take place. Tils laser-fluid 
system can be described by a macroscopic model wlii'-' 
involves M.i.wvell's equations, the Navier-Sfokes equa- 
tion, an energy conservation equation, and the continuity 
equation for fluid motion. These equations, which de- 

scribe Uie behavior of intense electromagnetic beams 
and the associated sound and thernial fluctuations, are 
coupled by stimulated Itaman scatterint;, electrostric- 
tion, the hiuh frequency Kerr effect, absorption heat- 
iim, and the density and temperature dependence of Uie 
dielectric constant. In this |)aper a systematic discus- 
sion is presented for an intense laser beam propagating 
through air, which has a negligible Kerr constant.  If 
the frequencies a -e outside the Hainan scattering range, 
the instabilities are pnmarilv caused by optical-ac- 
coustic coup'ing of the laser beam and the gases. These 
effects are of long duration compared to those of self- 
focusiiii;. As the beam passes through air, the intensity 
prolile induces a nonumfoim temperature gradient 
transverse to the propac iling direction of the beam, due 
to the energy absorption liom the beam.  This thermal 
nonequilibnum and electrostnction together cause the 
generation of a density gradient ind hence a sound wave. 
These density chang"s react back on the inc dent beam 
through changes m the dielectric constant. 

The equations describing prepagation of electromagnetic 
radiation and the equations describing fluid behavior are 
widely known.1"'1 Droppinc unimportant terms from the 
lull equations, we hike MM following set of nonlinear 
coupled partia'. dilferential equations for description of 
the macroscopic representation of the laser-fluid 
system: 

Wave equation and Clausius-Mosotti relation: 

h-IMM 2) "0/ m- 
Na vier-Stokes equation: 

PJfmm~***tm*Um 

•'"-'(hß),])..-5'-^ 
heat transfer equation: 

(1) 

(2) 

(3) 

(4) 

(5) 

p 

' 

r 
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fluid continuity oquatmn: 

^ +r.(()V)    0; 
rl 

equation of state: 

(6) 

(7) 

(B) 

O) 

In th'1 wave equation the term involving rt, the linear 
absorption coefficient, is associated with a model lor 
the absorption of el« ctroma^netic energy by the fluid." 
The absorption coefficient is taken to be independent of 
the frequency of the eleitromaunetic radiation, so the 
model is not valid near the resonance lines of the 
molecules m the fluid. Also the model does not include 
kinetic rate equations,  so saturation effects are not 
considered. In the present model the electric field E 
will be damped by a factor exp(-i'>,-), where ? is the 
direction of propagation and the energy deposited in the 
medium is taken to be nc/'{F2),,* nlL, where /t is the 
laser intensity in ern secern*'.7 

The terms »1 and ', are the linear and nonlinear permit- 
tivity coefficients, respeclivelv, p is the fluid mass 
density, and V is the .'elocitv of a "material element" of 
the fluid. The convectivc derivative I) 1)1 follows the 
motion of a material "particle" of the fluid relative to a 
fixed coordinate system and is expressed in the form 

M       N 
The vector g is the uravitalional acceleration vector and 
rj and T)' are the shear and compressional viscosity co- 
efficients, respectively. 

The electrostrictive force density („ is «iven by 

where c,, is the interaction stress tensor for the elcc- 
tromannetic field and the fluid and the annular brackets 
indicate a lime average over several optical periods. A 
derivation of the stress tensor Is given on p. 67 of 
Kef. 4: 

'''-i4-''K)r^','*•''• 
but this tensor is not strictly correct for optical fields 
because an isothermal constraint was impised. A simi- 
lar derivation with an isenlropic constraint gives the 
same result, except that the partial d( rivative (-V 'Pp)r 

at constant temperature is replaced by ('V/''V))„ the 
derivative at constant entropy. The difference in these 
two constraints is conUined in the thermodynamic 
relation 

The difference term In Kq. (10) is very small because, 

for ^ases, I'V/PD.sO. The term W/ß'2, ~ ftT)-' con- 
tnliules a factor of nmi'.lilv \, Actually, neither con- 
straint is strictly valid, but corrections would be small 
and would necessitate a Milled exat lination of fluid 
boundary layers and the explicit mechanisms of heat 
deposition in the control volume. 

The thermodynamic quantities ap|)earing in the above 
equations arc C^and Cp, the specific heats in errgdeg 
at constant v<.liinie and pressure, respectively, and y Is 
the ratio of specific heals, C, Cj /3 is the thermal ex- 
pansion coefficient, -(l/pK^p/^T")/, r, is the isontropic 
velocity of sound, ((^P/'^p),!"1; and K is the thermal 
conductivity of the fluid. 

Due to the complexity of Die laser-fluid equations shown 
above , 't is not possible to obtain exact solutions analy- 
tically. The inearized-solutions have been discussed2 

and a number of computer solution; have recently been 
given by various groups." la Sec. Ill a linearized analy- 
sis of this set of equations is presented. 

III.  LINEARIZED ANALYSIS 

Linearized analysis is a standard i   rturbation technique. 
In this scheme it is assumed that each of the dependent 
variables in the problem can be expressed as the sum of 
its slowlv varying zeroth order component and a small 
first-order correction.1' In this way, a set of linear 
equations for small disturbances is obtained. This ap- 
proach lo the analysis of the laser-duid system was 
first investigated by Brueckner and Jorna.' In the pres- 
ent approach, two variables are used to describe the 
perturbed electromagnetic field, one for the component 
of the field which is vibrating in phase with the primary 
beam and one for the component out of phase.  In this 
way, the four-photon coupling induced by periodic fluc- 
tuations In the dielectric constant can be Included. This 
coupling was not included in the original formulation 
given by Brueckner and .lorna and accounts for the ab- 
sence of a threshold ii  their analysis. The cuspersion 
relation for these linearized equations has been ■^•■"'•lat- 
ed and is more complicated in structure than tl at pre- 
sented by Brueckner and Jorna. For propagatlin 
through air, however, the numerical differences are 
minor. The wave with the largest growth rate, resulting 
from resonant inteiactions between scattered electro- 
magnetic waves and the thermal wave, propagates al- 
most perpemlicularlv to the laser beam. The direction 
is such th: t the change m frequency of the «catleied 
electromagnetic wav and the Irequency of the thermal 
wive (which is zero) are approximately the same. 

Writing 

E sE(oi ' E(ni 

(ID 
P=Pn * Pi. 

and taking 

E.o.-i'V^cxplHiV-t'j/Hexp^iof^+c.c..      (12) 

Eu.-iM^pf/W-k.-xM 

+ ^exp[-i(u)./ -k.«x)|}exp(-iOi) +c.c.,     (13) 
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(/■,)   2(r)eX|,f'(u,/"k'x,'^cc> (14) 

whore 

u)^ 5 laser frequency, 

ui, -uj, tui, (15) 

k,sk-Lr,tk. 

and inMdn« tlu- volocity v to be a first-order quantity, 
we olttain Irom K(js. {!)—CJ) Uie following four ciiuations 
relating I, gt f,', and /': 

MlM^Üp'-fdM^T   (•; (in) 

♦(M^wSy^(lM^9r o; (n) 

+ (-»(All-//),1C\iu'l/"=0; (18) 

« {a-^ - MM1 - k - !(',, - •) l<»I>V 
< {(-»'A»,, ♦ {('u,-i)MSIi*}r  o. (i9) 

Throughout these equations,  /•;„ has heen written in 
place of lE„i . Since only the m.mmtude of the complex 
amplitude appears,  A, n.iv be consuli red to be re.ii and 
positive without loss of pMISllty. For convenience in 
writing these equations,  the lullowin^ notation has been 
I'lroduied: 

(20) 

(21) 

so that /i is the isothermal speed of sound in the un- 
perturbi d medium, and 

•■(»H»)«  
Tlie consistency condition for the linearized equations 
Is the vanishing ol Uie detmuiiunt '»f the coefficients of 
t, i;, p', and V. Thus we obtain Ih    f(jllowinn reLilion 
between the frequency u and the wave .' ctor k, the dis- 
persion relation for the system: 

{iu-iK'h'iu'-iXuk-' -(„■' -A^l^l-iy - DU,'-n^wk1] 

»~iMf{htM»~tg*in • annia,ß'CjUi1-P,)\ 

iß{[(y-i) iiA«*1 UmaaJpfijiJ-OH* 
-(/r-.l'M-H)i/-„-(t.u.» ►CiO/li»», (22) 

In order to put Kq. (22) in the slightly more compact 
form shown above, the lollowinu additional abbrevia- 
tions have been introduced: 

1cw: (O*"     index of refraction of unperturbed 
medai tu, 

't '\i)»,rKl    |)ower in incident laser beam/unit area, 

4'a<Hw-lfcUt (23) 

20,^..^-^.^. 

For comparison, Uie disin-rsion relation obtained by 
nrueckner and .Ionia' for frequencies outside the Kaman 
scattering ran^e is 

wdi;' - i ^ -/.Vu^2Ut +/t(i/w 4 /6U'a-= 0, (24) 

where 

la ■ [k* - VkmMJlrt I - 4(W,^t/cfe)2(u, - (c/njk, p, 

"-Pu^M <<, (25) 

Although Kq. (22) is considerably more complicated in 
structure than Kq. (24), the general features of the two 
equations are Uie same. As a first approach to the 
analysis of (22), one should realize thai the power in 
Uie primary laser beam is pioportional to F.^.  Thus, 
Uie free modes of the system can be obtau.jd by letting 
A;1, —0.  WiUi no power m the incident beam, therefore, 
(22) reduces to 

{[ui - i(K/f>0Cy\(u2 - iNuik1 - i/V) - (y -\W^] 

ic(rH*l-fl*4t»ift^-cMM(»A-fMf| 

*[,>'i •^-2V,g-fu,),(a,t-u))^0. (26) 

The first factor in (2fi) contains a nonpropanatinu ther- 
mal w.ive and two damped sound waves coupled by the 
term (y -Wu'^k'. The last two factors correspond to 
the four free modes lor scattered undamped electro- 
magnetic waves; 

w/uv    a^l ^/.•l^ffVU'tM"2, (27) 

where a^ 11, specified by given values of k3 and A,. 
Two of the roots are low frequency (ui^ uL), whereas 
Uie other two have frequencies of Uie same order as the 
laser frequency. It is clear Uial the roots at the high 
frequency should be eliminated, because it has been 
assumed previously, in evaluating time averages, that 
the perturbed solutions vary much more slowly than the 
optical waves. Thenlore, factors like 

«•'^-'KO.W.' (28) 

will be replaced by 

•WfesXeA-«Oi (29) 
where 

cL~c/\fuoAin    velocity of light in Uie medium. 

Thus the free modes will include three U.ermal-sound 
waves and two electromagnetic waves. 

All of the terms in i2ti) resu't from the left-hand side of 
(22) U'cailse Ihe rii'.hl-hand Mde M propoi tlonal to the 
power in the priniary laser beam.  Now, as Uie |)ow.r in 
Uie laser beam is liirned tin, the rirlii-luind side couples 
the five tree modes described by (2ii). Additional tiny 
coupling arises inside the lelt-hand side itself through 
the A',  li', and »_,,,„ terms. 

J Appl  Phyi , Vol 44  No 8  Au.jwil 1973 
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For d«Uiilt>d considi r.ition. thf ctsr of a primary laser 
boam at 10.6 u proiM^ilmn throuKh air at approximali'- 
Iv 10 C and at slamlaid ptMMN will ht disi-ussod. Tin1 

numerical values (or Uic paraniftfis appt-arum in the 
disporsinn rolation an" 

^V    1. 773 x ID14 sef', 

frt ^5920 enr1, 

^ = 1.25x10-'^ MB*, 

JV= 0.284 cmJ s.-c, 

|    1.67xlO->di'n-', 

C\,    7.l43xl0',er« nd''U. 

K'    0.28 cm2 sec. 

>in    1 +2.82X10-1, 

ii1    8.39x10" (cm sec)2, 

y    1.4, 

rt(I),- I+5.65x10-', (30, 

f»- (3x 10-7 cm-')(*0, 

orrj^rM'/J/t,,-: 3.831 xlO'.v,,, 

«fca/fWC,     0.988O,,. 

^J(r„F2    (1.37x10-" sec'/ucm')/,.. 

A - 0.452 cm1 | Ml.lOxlO"22 cm sec' p2)/,, 

/Uy-D 2(3 = 24.7 cm'de^ | 

^(6.00xl0-21 cmsecMoK tc1)/^ 

r^-.  I+5.65xl0•', ^^l.37xl0-''■ sec' ncm2)/,,, 

A'    (2.84xl0-"cni2.s.<c gtfa • (1. 38xl0-3n sec4 n2)//, 

ß    h,^j/f,»-W.i«X|t* s.c' ncm'don)/,,. 

Ü'    -(0.662x10"" sec4-1;)//. 

In the above list a dimensionless absorption constant n„ 
of order unity has been introduced and the power /, is 
in units of tf| sec per cm2. Now. using these numerical 
vaiues. one finds that the power-dependent terms are 
very small for power fluxes less than 10 MW cm2, ex- 
cept for the term which represents energy abs upturn. 
In other places in the dispersion relation, the power- 
dependent terms are connected with the nonlinear index, 
and will be i.'iuttid in the followmi;. (The terms omitted 
are related to .elf-locusint; i-, J manner described by 
Brui'ckner and ,loriia.-') This iiculect of the nonliii'-ar 
index and of the weak dependence of the optical coeffi- 
cients of gases on the tempeiaturc (or fixed donsily 
allows the simplification of Die dispersion relation to 

[U- - /V<f2)(u.2 - MM1 - "''.•2) - (y - 1 )'ii^21 
x(ct'-. - u.',)(ct/.-. - u>.) 

- -{AlfcJgi 2r';.)[(oA - a-.) 4 kgfti " HÜ I 

instead of hM and defining 

r^AuiLßml,,  ff,,Cp, (33) 

l'.^/lU' -'K7'
2
) 4 M*I»;„(JK

2
, Cj. (31) 

In addition, for air at reasonable powers, the term 
'(»„/UJL'-ZV,'

2
) on the right-hand side is ii<n',li^ible com- 

pared to .'»r»»„3M2 C',,. Introducing the variable 

which corresixuuis to the power jiarameter used in He(. 
2, the dispersion relation can be written in the loini 

(M - iK'k')(u>2 - MM1 - An - (y -1 )"2u'';2 

WTI^MIU' - \inrL-rL(ln' I h1 2/,-JI-' 

.[u<-'dinlrL-rMt--k'2.'2kL)\-,\. (34) 

The problem at this stage is the determination oi the 
maximum growth rale of any Fourier component of a 
distortion of the plane wave as I lunction of the ab- 
sorbed |M)wer from the beam. That is. one must 
solve the dispersion relation tor the frequencies as a 
function of k|  e, Ii, and the characteristic parameters 
of the medium, ard then find the maximum value of 
-Inia' for real i> and /.• with le! <" 1. Such a problem can- 
not be solved analytically without further approxima- 
tions. One region of interest would be the hu;li power 
limit, where the drivnv,; temi would overwhelm the 
losses resulting Irom thermal conduction, viscositv, 
and the absorption of electromagnetic energy. In that 
case, all the imauinary terms in liq. (34), with thr sole 
exception of the / immediately preceding r, can he 
dropped,  reduciiu'. the dispe-sion relation to the '.orm 
employed by Bruccker and Jorna in Kq. (45) of Hef. 2. 

To proceed analytically,  Brueckner and Jorna neglected 
the term in the second set of brackets on ttie right-hand 
side of (34), and assumed that the maximum growth rate 
would occur somewher   on the curve in the v, k plane 
determined bv the constraint 

HeU--rt(/^ U-2 2/,'t)|    0. 

Alom; that curve, the maximum growth rate is 

t Imtfl   - :,.T(1.08). 

which corresponds to 

c.A'    CD"2 /'0.97515\/ I \ 
\0. 56305/10.93063/ 

(35) 

(36) 

(37) 

A k. (32) 

(Tliese results dilfer from those in Ref. 2, which are 
erroneous.) There is no assurance that the ac'jal maxi- 
mum growth rate does lie along the one-dimensional 
subset of the v,k plane assumed in Ref. 2. We have con- 
ducted a search along the line 

I- * | 2/,',     0. 

However, the result for the maximum, 

iv'T(1.06), (38) 

is 2',  smaller.  No other cm vi   in Hie c, t plane has been 
found which allows an analvtu-al search. Nevertheless, 
one suspects that these answers are s'iUiciently close 
and Uiat lurther analytical effort is not justilicd, be- 
cause of the previous approximations. 

An inteiestnu;  inknown not discussed previously is the 
power flux required to stimulate these instabilities. 
This threshold power is clearly a critical lunction of the 
losses in the system, which Ihenlore renders it im- 
portant to treat them carelully. If the second term on 
the right-hand side of Kq. (34) is dropped, the instabil- 
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ily apixars to have no tlircshold, because the conduction 
loss, whu-li must In overcome,  vanishes as ^ - 0. How- 
ever, as A—0, the Stokes ami anti-Stoke.s terms on the 
rii;lit-haiul side of Kq. (34) tend to cancel each other, 
and,  therefore, there is a threshold power Mux tor 
tiiese stimulatod thermal Rayleinh scattenni; instahil- 
ities.  Usinn (34), a computer search for this Uireshold 
was performed and led to the result. 

UtlaaM«    0.32'tmW M^. (3'j) 

This thnshold «Al located at I    0.04 enr' with v 
t 1. 1 "10"". The dec.eneiacy in tlie value of n occurs 

Ix-cause of the symmetry property conUiined in (34), 
e- -c implies /^-((a.)V  The dispersion relation of 
Urui ckner and Jorna conUiined no MirufcoM lor the 
eonvtctive insUihillties and,  therelore,  sunnested that 
instalulities mii'ht he present lor extremely low beam 
intensities. The ',-mW per cm" threshold obtained in the 
present analysis is certainly small in relation to in- 
tensities available for experiments. 

The presence of a wind does not alter l» e growth rates 
lor distortions. Tins can be easily seen by considering 
the problem from a trame ol reference moving with the 
lluul. A uniform beam remains a umtorni beam in the 
navtafl liame, allhou^h its direction of propagation is 
shifted. This slull in direction has no effect upon the 
stability discussion.  The very low convective instability 
threshold does not mean that such effects are easy to 
ooserve or are of practical importance. An extremely 
loag, and carefully protected, optical path length would 
be recpured in order to see these instabilities pro« to 
observable si/es. Indeed, such insUibililies have never 
been observed in the laser-fhud .system. 

There is, however, another class of insUibillties in- 
volving the balance between inertial terms and bouyancy 
forces in the fluid   Such instabilities are dis'-ussed in 
Sec. IV. 

IV. BEAM FED TURBULENCE 

Many experiments have been reported for which the- 
ories assumun; .steady-state beam profiles, after initial 
transients die out, provide rather t;ood explanations of 
the principal features. However,  '.hat is probably true 
only because these experiments an  conducted at rela- 
tively low power fluxes. Theoretically, one expects a 
time-dependent state of the system because of the in- 
stabilities discussed earlier. Such instabilities are not 
observed In practice because they cannot develop within 
the distances allowed lor Ih • pro|iat'alion of beams. 
However, alternate considerations lor a beam of finite 
cross section suf.uesl that the beam may drive the fluid 
into a time-dependent, or turbulent, state at powers 
which are noi completely unreasonable. 

It may be impossible to prove analytically that such a 
turbulent stale develops, because the inve.sti|.',atioii of 
hydrodynamic stability is very difficult even for the 
simplest Hows, However, an argument can be made 
from dimensionaf considerations, an approach that 
promises to be very uselul.  Namely,  lor the problem 
id .i beam nf radius ,; and power Hux / [rMtrlng through 
an,  it is ixissible to estimate .i |)aiameler H', which 
plays Hie role of an efleclive Heynolds number for our 
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problem. It will be shown that the parameter W takes on 
values of the order ol 30000 for a beam with intensity 
/    1 Hf/cn* of radius 1 m. Since it is known that some 
(lows with Heynolds numbers substantially lower than 
30000 are turbulent, the Hows for the laser-heated 
atmospheric path should also be expected to show signi- 
ficant time dependence. 

Consider the equations of motion for the air and the 
equation novernmn heat transfer, which take the follow- 
inn tom it it is assumed that the air can be assumed 
incompressible (that amounts to droppinn terms of order 
u' v\t where u is a typical How speed, and r, is Uie 
s|)eed of sound; for tl e problems under consideration, 
//■' pj will be less than W*   and the incompressible 
fluid approximation will be quite ^ood): 

p(v. Vlv-   - W'-/i7'lpg+(p'pü),,V
lV 

"•(p'A.H'i -^')r(r.v), 

p(r.v) --(V. Dp :  ;3p(v. P)?,, (40) 

♦<# »»„)[')(",,> +',/.,)
J+i)'(v.v)2l. 

Assumim; the Reynolds number is hinh, the inertial 
terms will dominate the viscous terms in the Navier- 
Stokes equation.  Thus, there must be a balance between 
the inertial terms and the bouyancy forces, which im- 
plies that p^ n -o'^'/iA', where p Is the density of air, 
/iis tin' MM llicient ol thermal expansion, 7", is a typica' 
value lor the temperature rise, and f is the accelera- 
tion due to gravity. The pressure variation will be of 
order pf. In the heat-transfer equation, the convection 
term will dominate the conduction term, aiK* the beam 
heating will overwhelm the viscous dissipation, so that 
there must be a balance between heat deposition Ironi 
the beam and convective heat transfer, which implies 
that pCfPl*!  a~al. Combininu these two relations we 
find that H* ~ nfri'I^/jit,,. WIUI tins expression for u, we 
then define a parameter H', which is expected to in- 
dicate reuimes where steady flow and where time-de- 
pendent flow may be anticipated.  If is an estimate of the 
relative importance of inertial terms to viscous terms 
in controllint; the How: 

W    nnpu rj 

»MlkW0rtt/0Cfn. (41) 
For a beam with /= ID10 erK/cri'sec, n m 100 cm,  Ta 

-273 K, and n- IXM^MT*,  It'    30000. 

For nnny experiments described in the literature, the 
values of H'are much smaller, and thu.- one would not 
expect any turbulent iluid flow to be observed. For ex- 
ample, in the original experiment of Gordon   Leite, 
Moore, Porto, and Whinnery1, the parameter W Uikes 
on I value about lO"', and in the more recent experi- 
ments of Smith and Gebhardt, " W is of order 10. 

The parameter W introduced here is different from the 
Grasshof number, which is referred to in some discus- 
sions of the convective liows set up by the absorption of 
enernv from a laser beam." In fact, the conceptual 
lusis lor usiiiK the Grasshof number in a discussion at- 
lemplini; to explain the transition between smooth How 
and time-dependent How seems less relevant because 
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tho Grasshof number appears to he nioro sensihlo wlu-n 
tn." Ihcrnial Ixjuyant forcrs ari' halanrrd hv viscous 
forces.  In the present discussions, the Uiermal Ixmvant 
forces are halanced bv inertia! effects.  It turns out that 
the number W is essentially the square root of the 
Graishol number.I4 

We are planning experiments U< determine Uie critical 
value of W,  H'rr, which determines the onset of turbulent 
convective flows fur the geometry appropriate to laser 
beam transmission. It is also our aim to attempt a the- 
oretical evaluation of tins critical value. At the present 
time we can only speculate that H'cr may be between 10' 
and lOV " The theoretical approach ippMM fairly dif- 
ficult because the question of the stnbility of flows even 
without heat sources has only been answered theoreti- 
callv for very simple geometries.lr" The question of 
skibility for fluids which are heated or cooled appears 
to have been treated mainly for cases in which the fluid 
would be motionless, and has not been explored for a 
problem like the present one.|1'"' The first part of that 
problem would be to determine a steady-state flow pat- 
tern for I fluid with I distributed heat source within a 
ri^hl circular cylinder with its axis aligned at some 
an^le to »he vertical. For the case of | horizontal cyl- 
inder of infinitely small radius, the flow iiattern has 
been calculated by Yih."-20 

Unfortunately, however, that solution is not of ureat 
value for the present problem because the size of the 
cylinder radius is a critical parameter. Nevertheless, 
it is expected that Yih's solution wUl assist in obtaining 
the asymptotic form of the steady-slate flow at large 
distances from the laser beam cylinder. Once that 
Haie-independent flow pattern has been determined, the 
linearization of the hydrodynamic equations for pertur- 
bations from the flow pattern will lead to an eigenvalue 
problem, which eventually will yield a critical value for 
W. Ostrach21 suggests that the eigenvalue problem can 
be bypassed as the stability of fullv developed natural 
convection flows can be found by using the appropriate 
velocity profile in the classical theory of hydrodynamic 
stability. This assertion rests upon his analysis of the 
stability of free convection above a flat heated plate, 
where instability first appears for a Reynolds number 
of 2U3. 

Above the threshold for beam-induced turbulence, gov- 
erned by WCT, general arguments" lead to a size for the 
smallest eddies, oiW^W)11*. Fora 1-mbcam, if W^, 
should be about 101, then the eddies might have sizes 
as small as 7 cm for a power flux of 1 kW cm2.  The as- 
sociated density fluctuation would then be exiweted to 
result in considerably increased scatterir,; of the beam. 

The argumcn'.s presented here show that there are sub- 
stantially more important snurces of Instability in the 
laser-fluid system than those discussed in earlier 
linearized analyses. It is felt that these fluid instabil- 
ities will be enhanced by their interaction with the scat- 
tering of the laser oeam, because of the general result 
that instabilities in fluids result if the heating of the 

fluid is greater in those regions where the density of the 
fluid is greater.11 

At the present time we can only outline the general na- 
ture of the effects to be expected above a critical power 
level. Much additional work clearly needs to be done, 
both of an experimental and theoretical nature. 
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Propagation of an intense Gaussian laser pulse in air' 

John D. Reichert 
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I    INTRODUCTION 

Th.- work tloscribod in this p;i|)Pr w:is motivated by the 
HMOVWTf of inst.ibilitics in tho system of «'fni.itions fle- 

•-(•1 iliin« electromautx'lir wave propauation ami fluid dv- 
ii.imic«.  These instabilities are described in the prered- 
jim paper. : A numeneal solution of the full set of mar- 
rnsropic laser-fluid ef|uati.ins (w tho.it saturation ef- 
fei ts) is presented tot a fumssian las<r pulse of eiu.r- 
mous eneruv.  The eomputation scheme «•inploved was 
ml optimal and the pulse could be followed for only 
If* sec. Consequently, enormous encri'v was put into 
UM pulse to enhance the laser-fluid interaction and drive 
the onset of strong distortions and instabilities. 

Other computer solutions of the laser-fluid ■fMUMM 
I'ave reccntlv been f^tmtt bv various moups for physi- 
callv reasonable ix.wers. .S'ich calculations have typical- 
Iv dealt with steadv-state beat.'s without saturation ef- 
fects, but have included the effects of m avitv.  More re- 
.■••ntlv saturation eff.'ls have been added and pulse 
shape is beiru; considered. 

In the course of these sludies it beenme apoarent that 
there was some merit to introducini.' a now concept to 
indci' the value of an alr.orilhm for computim; the solu- 
tions uf a sysfem of p.ulial (liffcicnlial ■fMttOM.  T,1''i 

-unc'iit   vas «ailed "utililv". and will be discuss.-d onlv 
i i icflv in Sec.  0.  The full details will be published 
elsewhere. ' The advanl.mc of this concc|)t is that it is 
relatively < asv to apply to complicated svstems of par- 
tial differential e'iuations. whereas the stability concept 
leads to a very complicated procedure for decidinp on 
the value of a numerical rouine. 

Speed and memory size in I computer place certain re- 
strictions on fine's abilitv to investicale phenomena in 
the laser-beam problem.   In the attempt to calculate dis- 
tortions of the type predicted bv the linearized oislabili- 
lv analysis, cylindrical svmmetrv was imposed on the 
problem in order to facilitate the computer calculation. 
Had this mit been necessary, or had some other inde- 
pendent variable been eliminated rather than the Mglf 
about the beam axis, much more pronounced evidence of 
beam and fluid instabilities would likely have been ob- 
served for substantially 'v.vc: powers. |)owers that mav 
In- achievable.   IrpMMMto supportitn; this proposition 
are contained in the precedinu paper.' 

In Sees.  Ill and V we present the results of a calculation 
of beam 'üstortion for a very hiph intensity pulse prop- 
apatini; through air for several kilomters. Analytical 
auruments are advanced In Sec    IV which suchest that 
the qualitative features of the distortions are correct, 
which lends credence to the comixiter output. Then, 
usiin; the computer results as a check, the analytical 
procedure is shown to be adequate for detailed quantita- 
tive calculations. Ry combinint: the analytical procedure 
developed with approi • iate computer support, the pulse 
could be followed much longer than the lO"'1 sec de- 
scribed here. 

II. DESCRIPTION OF THE PROCEDURE 

The laser-fluid equalions were solved in the ncar-lield 
region of a laser pulse, initially Gaussian in both » and 
t, propapatini; through air at 1 atm of pressure and at 
1Ö°C.  A cvlindrical ueometry was used and cylindrical 
svmmetrv jm dependence on the ant le ih) was preserved 
at the price of dropping UW f!ravil> ♦ «rm in the Navier- 
Stokes equation.   Ilaviiif. cvlindrical symmetry amounts 
to a considerable simplification in fie problem, so that 
the inclusion of the ftee convection  'ffects due to pravi- 
tv was not attempted in this analysis   The problem de- 
scribed above amounts to a mixed initial-boundary prob- 
lem. The initial confiimrations of the laser beam and the 
fluid are ■pMtfM subject to certain boundary coiditions 
at r    0 which must be satisfied ai all times.  Further- 
more. MM boundary condition at z - 0 is time dependent, 
because the tail of the Gaussian must be fed into the 
spatial region.   For the numerical solution, a spatial 
mesh of prid points or stations is useo to represent the 
rt plane. At a piven instant in time, the values of the 
various dependent variables are obtained at all of the 
stations. The diffc, erne equations are then emploved 
with these values of the dependent variables to advance 
a step in time. This prorcoure Is repeated over and 
ovei until the desired lime interval has been traversed. 
An explicit diflerence scheme wn.s used in this calcula- 
tion, hie.i.is" such schemes are snnplest to handle. 

The two maior difficulties in nsinp numerical techniques 
to solve diffeiential equations bv computer are error 
prowth and excessive compuiation time.  In order to con- 
trol the error prowth, the utility criterion mentioned in 
Sec. I has »teen used.  Furthermore, hiphly accurate 
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ll(i. 1. On-axiH iiiur'<Uuilc' of ihv cli-i-trlc 
field If I i.s Hhtiwn as a lundi»'-. of ii-t \ 
at four (llll.rrnt timrs. AH shown in Kq. 
(•<>), ze *rl locates the "renlfr" of the 
pulst-. The solid curve.« show Ih«.' leailinK 
edne of the pul «• and the dotted curves de- 
pict the tiailin« edne. DistajiceR alone the 
z axis are expressed in units of the «rid 
size: A«   0.4ri Urn. The quant it y  \g\  shewn 
Is d< fined In Kq. (i;i), so that the ex]>onen- 
lial damping factor is not included In tnc 
Rraphs. 
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seven point dlfferonce (|iiotiPnl ro|)i csontations of (ho 
diffornr.t.al oporators were ompioved to roducp trunca- 
tion error.  In ord«-r to handle tlu- econotriic problem of 
large computation time, a certain amount of ef(lci»>ncv 
is Introduced by minimizing the amoun, of core storage 
required of the computer. This was accomplished in 
part by using overlaying techniques to More several 
pieces of Information at the same site in the computer. 
Thus information is stored only as long as it is M«M 
and then is replaced with current material    The com- 
putation time was also minimized bv making use of a 
nonuniform grid.  The seven-point difference relations 
allowed a relatively large grid size without undue trun- 
cntion error and the nonuniform grid spacing permitted a 
greater grid density in the region of special interest. 
Thus an accurate solution could be obtained with a min- 
imum of computation. 

The laser-fluid equations arc given in Kqs.  (l)-(9) of 
Ref.  1. As mentioned above, the giavilv term MU 
droppeo. Also, the thermal ci nductivity K was taken to 
be constant because its derivatives are very smal.. The 
equation of state was taken to be the ideal gas law   The 
numerical values used for the various parameters are 
the sam? as those given for the linearized analysis in 
Ref.   1, because the same temperature and pressure 
were used for the undisturbed medium. The laser fre- 
quency u,L and the dimensionless absorption constant a,, 
were chosen to be 1. 773 v in" sec'1 and 10, respec- 
tively.  The wave equation for linearlv polarized light in 
an absorptive medium is reduced to the scalar "quation 

This equation is an approximate equation describing an 
electric field which is |)olarized linearly. Strictly 
speaking, of course. Maxwell's equations do not allow 
cylindrically symmetric linearly polarized beams In 
charge-free space. 

The solution of (1) Is taken to be in the form 

/■;=i(/;I+i£1)expi(üjk,/-*i«)exp(-^«) + c.c. ,     (2) 

where fc, and t:2 are slowly varying ';.■! uons of r a..J . 
and the laser frequency and wave number are related by 

f(V^t I «Ali (3) 
where ,,„ is defined in Kq.   (11) of Ref.  |,  Lqualinn (2) 
was substituted into fl) and the second derivatives of £, 
and £, with respect to tim" were dropped.  From the 
real and imacinarv parts of tlK resulting equation, cou- 
pled simultaneous differential equations for ft nnd /:, 
were obtained   These equations are also coupled to th'- 
differential eouallons for p,  T, and the cylindrical com- 
lionents r, and rt of the fluid velocitv. The use of cylii - 
drical symmetry allows the simplilication r„-0. 

The easiest way to obtain a variable grid size is to In- 
troduce | transformation to a new indpemlent variable. 
Thus, in order to have more grid ixiints in the rerion of 
special interest, small r, i.ie nonlinear transfoimation 

r/»;,-.t/(l-v) (4) 

was employed. The scale value >■„ was chosen according 
to the dictates of convenience and will be shown in Ko 
(9). 

Because of the symmetry of the problem and the regu- 
larltv of the differential equations, the following bound- 
ary conditions must be satisfied at t-0: 

11« " 

. 

9« la Hz 
£-»,.! 

(5) 

Thr laser-fluid differential equations must, of course, 
be converted to difference equations Ivfore a computer 
solution can be attempted. As indicated earlier, seven- 
|)oint difference quotients were used to represent the 
differential operators, but these difference quotients 
will not be presented.   (The scheme »as a straightfor- 
ward explicit difference represenlation. ) 

Once the difference equations have been written, it is 
vital to have some criterion to determine useful time 
step sizes and corresponding grid spacings. It is not, 
however, necessary to demand that the difference 
scheme be stable in the classical sense. In fact, the 
classical notion of stability is irrcvelant to computer 
solui   .i of ul'ferential equations, particularly for non- 

l «,.,.i n . "r.|   41   R'..   O   f ■ ■ i   '07-» 
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Since I is tfiven '»»'y approximately by (7), the laser 
|X)wi'r lL dues not appear. The differencing scheme em- 
ployed was not optimal and its utility repon is entirely 
dominated by the electric field development and is In- 
sensitive to the fluid parameters. This was, however, 
Ihi' schen.e employed in the present solution. 

Condition (8) is such a strong constraint that one Imme- 
diately wonders if it is really necessary to obey it.  Part 
of the utility philosophy is to obtain a constraint like (8) 
;iiid try it on the computer.   Then one can try to violate 
the condition, usin^ a larger SI, and compare the re- 
sults. This was done for the problem discussed in this 
MMf and no escape from (8) was possible for the dil- 
ference scheme used.  In fact, if the criterion was vio- 
lated by a factor of order 5 in A/, then classic instabil- 
ity phenomena were observed in the computer output. 
Thus, by a stroke of bad luck, it appears that (8) must 
be obeyed. 

In order to emphasize the implications of (8) for the 
study of the prupauatinn ol laser pulses, a description 
of the a'-cessible parameter regime will now be niven. 

riG. ü. Km- detailed cunipaiimin, «In- z proflti tt the on-axls 
eUelrii  litlil  ! t I   is ^imui ,il several tunes,   1 lie unit A/ tu 
lined lor Ulstance« .ilmij; Ihe ^ UM-..   I In- curve« have liein ills- 
placed In Hie li It aii'l Uic leadliiK wine» 'u.iiit  !>. cfilneiik.' at  '' 
luinlil I'K'U (ells etiiV'- fur I t I .   I lie .IIIMISSU lur Uns Inter- 
sil tmn <i| ilie curves has lui n labeled ■!-. i, tlie luiatnui nl 
tllln |Hlilll .a  (    (1. 

linear systems. This ar^ment is presented in detail in 
another paper   and another kind of criti rion, "utility", 
is proposed,  A difference scheme is "useful" for pre- 
scribed > and .V if the   omputer solution of the scheme 
produces results for .   time steps which differ in mag« 
mtiide from the correct solution of the oric.inal differen- 
tial equations by an amount less than i. Thus, utility 
analysis is totally iliflerent in philosophy than stability 
and, incidentally, is far easier to apply.  A number of 
theorems have been developed which allow rapid and 
ixjwerful assessment of the utility regions of differencinR 
st'iemes of all types. Because these matters would only 
extend the length of the present paper and because it is 
believed that utility procedures will be worlhwhile in a 
broader context than the prnblem at hand, a separate 
paper is devoted to the subject and only a brief sketch of 
the analysis will be piven here. 

It turns out that a utility repon for nn explicit differ- 
encing scheme can be determined from a relation of the 
form 

^[(^Kife.v)]-, (6) 

where Af is the time step size, ,V is the number of time 
steps to be made, 1 -10':, and K is a function of the spa- 
tial mesh sizes and is determined from the differencing 
scneme.  For the seven-point explicit difference scheme 
used to represent the laser-fluid system, fi is trivially 
determined to be1 

ST[3/*,.Mr)2 »2/^], 

so that the utility restriction predicted is 

(7) 

t • 10 " .tc 
i5 3 

1000 

100 

-^ (r • 200cm) 
'o    0 

MC. 3. Iladial profile of If! id shown tor /   • and for I- Id"* 
■et for slices taken Ihnmnh the on-axis maximum zp in the 2 
profile. 
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HO* *. Details o( the railial profilp are shown for various 
times. In all four cases the railial slice through the on-axis 
maximum of the t profile is exhibited. 

As a start ng point for this discussion, the parameter 
values ti^ed in the actual calculation will be listed. The 
electric field at /^0 was taken to be of the form 

£I-fexp(-4(r/r0)
Jlexp|-4lU-«M)/*0PK 

£,-0, (9) 

wher« 

r0»full (1/c) width of Ex(r,i = t„ ' = 0) 

■ /jlfull (1/*) width of/t at « = £^, r=01; 

/t»[on-axis intensity (in erg/cm'sec) at r=C, 1 = 2^,, 

/ = 0, time averaeed over several optical periods) 

'i('o.),/2c/"; 

«0=full (lAOwirfthot £,(r--.0,z, / = 0). 

',0 = location of the peak at / = 0; 

^ _     2IL IC/j         641/ 

= peak value of the electric field, squared; 

PL ■ total power (in erg/sec) of the pulse at « = /^, 

/-0, time averaged over several optical peri- 
ods; 

f/=total energy in the pulse at ' = 0, time averaged 
over several optical periods. 

The values taken for these quantities were 

ro=200cm, 

,J() = 9*10, cm = 9 km , 

^=13.5x10s cm = 13 km, 

^ = 3.3 "10" ergAcm'scc), 

§^m 5.2X1021 erg/sec , 

y=9.8xl0'«e.-g, 

and the air was token to be initially In its unperturbed 
state at 1 atm pressure and at 10 "C. The reason for 
these astronotcical powers will be explained later. 

The spatial grid was composed of 80x16=1280 mesh 
points. The t axis was evenly divided into 80 steps of 
size £ki ^ 0.45 x 10' cm - 0. 45 km beginning at * = 0 and 
extending to « ^ 35. 6 x lO' cm - 35. 6 km. Thus the peak 
of C, was initially located at the 30th mesh point on the 
z axis •'nd its \/e width extended from the 20tn to the 
40th mesh point. The radial variable « had the range 
Oi.)r< 1 and this range was evenly divided ';ito 22 steps 
of size A r - ^ , but orjly the 16 sites closest to the z 
axis were used. The more distant sites correspond to 
radial distances greater than five beam half-widths. The 
first step away from the t axis corresponds tj the radi- 
al distance Ar- 200 cm/21 =9. 5 cm «^x^adial half- 
width). The time step size was taken to be A/- lO-' sec 
and 100 steps were made so that the time interval 0£ / 
< 10"5 sec was traversed. 

Taking these grid sizes and time steps *nd subtituting 
into the utility condition (8), one gets 

(10) 

T (r,, • 200cin) 
'a     0 

F=4.7xl01 (erg/cm1)"» , (11) 

HG. 5. An off-axis maximum in the radial profile Is shown 
at f-ao-s sec. The slice shown exhibits the radial profile at 
• ■St, whereas .he pri icipal peak of the pulse Is on axis at 
* = 35.3. The slice at 1 -;il contains the greatest off-axis effect 
and, therefore, locates   he two secondary peaks which have 
developed in the pulse. These secondary peaks are also indi- 
cated on Kig. 9. 
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H("i. ü. I'ha.se Information Is pruacnted by shuwinK I /■;, I  us a 
function of / al /   >>• Hi" »ec.  lor coinpurliton, the dashud 
curve riWM  I f I . Kquatlons (^» and (l.)j ot the text define  I £, I 
and  l£l . 

the z direction, then one must shift to smaller values of 
±z in order to h" aHe to follow details of the develop- 
ment of the pulse.  .Shifting to smaller Az requires, be- 
cause of (12), that one use smaller values of &l   The 
net effect is that no profit Is derived from using shorter 
puises, because they ran be followed only for corre- 
spondingly shorter t.Thes. 

One aspect of the parameter regime has not yet been 
discussed: the range of power for the beam. Since the 
power lL does not appear in the utility criterion, its role 
must be detcrmiivd by experimentation with the comput- 
■ program. Ve.f small powers are not interesting be- 
cause there is very little interaction with the fluid. In 
order to see instabilities and nonlinear effects during 
short times, one would wish to consider beams with 
large power densities. The erfremely large values 
shown in (11) produce interesting effects, in a time in- 
terval of 10"* sec. Such beams cannot be followed for 
more than about 100 time steps, however, because the 
various dependent variables begin to develop large cur- 
vatures and vary on a scale smaller than the mesh sizes. 
Thus if one wishes to follow the development for a long 
period of time, the mesh sizes must be decreased and 
eventually the time step will have to be smaller, and 
then many more time steps will be required. In this re- 
gard, one must keep in mind that if the mesh size is de- 
creased, while the imt, i| pulse s.ze is not decreased, 
then more mesh points will be required and the storage 
capacity of the computer also becomes a limiting factor. 

1 \ I 1 
3000-40 800    5(i30 

= 12At^(AT), + 8/4«. (12) 

Th'js, for the chosen step size A«, the value used for 
A/ would violate the ctndition, were if to be doubled. Of 
course, the condition (b) Is only approximate, but, as 
mentioned above, good solutions could not be obtained 
for A/-10" for A« = 0.45 '   i. Clearly the value ^ used 
for Av does not saturate the AJT piece of (12) and one 
could probably use Av as small as ^. Such a small step 
size for At would, however, require three times as 
many spatial mesh points and would exceed the storage 
capacity of the computer which was usod. 

The desire is to use as large a value of A/ as one can. 
In this regard, the A* piece of (12) is generous and 
would permif A/-10"". The z step size would have to be 
increased to Az~5 km to allow this, however. Such a 
large step size would be larger than the 4. 5 km half- 
width of the pulse selected, so that no details of defor- 
mation of the pulse could be observed. 

If the beam Is made narrower in radial extent, the 
Fresnel length decreases and diffraction effects become 
Important. The Fresne. length is 310 km for r0=200 cm, 
so that one would bfrome involved with far-field effects 
If the beam radius were decreased by more than a factor 
of 5.   Making the pulse longer in the z direction expands 
the time scale over which interesting effects may be 
studied. If, on the other hand, the pulse is shortened In 

11. 
0              10 

1         •         1 1 \ 
20              SO              40 »0 60 

FIG. 7. At ^«yUr'' sue.  If,! and I £1 are shown on axis as 
functions ol z. Two nodes have develuped and £, Is negative in 
the region ut the power |)eak. The .si;;n n) £, m the various re- 
gions is Indicated on the tij;ure,  Ihe nodes are also shown in 
Hg. 9. 
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FlU. '>. At /   Kr1 soc',   IKil   aiid ITI   :irc ^hllv^n on HXIK .is 
('imtioiis cif z.   ihr sinn of f, is itvlirali'l In the various r<- 
Uions. Then' arc now lour noilrs,   Tlic noilal IWVW an- phaüi" 
fronts anil arc shown in detail in I ix. 9, 

Tho final rcniaininc option is to increase the |)owor in 
Ihr b'Mtn ccn more. Tho net plfect is that the larpp 
iiirvahiros develop f.istei and the development can be 
followed only for shorter periods of time. 

One final remark alxiut numerical solution of the laser- 
fluid equations will be made before disrussinp the re- 
sults of the computer calculation.  Stroiifr prowth, insta- 

bilities, and nonlinear effects, can often not be followed 
because of the mesh sl/es emoloyed.   If these 'Ironp 
oscillations or secular c'owths are generated i,v tinv 
rapidly channinc terms, that is, if the instabilities arise 
flue to ripple effects which become strotiply enhanced, 
then a crude mesh size can smooth these effects out and, 
thereby, prohibit the occurrence of the slronuly prowinp 
phenomena by removing their source.  Very stroiiR in- 
stabilities were found in Uef.   1 for the linearized laser- 
fluid equations.   The stronpesf of these instabilities are 
generated by v»ry short wavelength ripple.  The mesh 
size employed In the present calculation will bepin to 
wash out ii|;ple atviut an order of mat'iiitude larger In 
wavelenijth thin the ripple which is most strongly ampli- 
fied in the linearized analysis.  Thus, one must bear in 
mind that some physical sources of pulse dhtortion will 
be excised by the ine,sh selected. 

Accepting the main- restriction., noted above, we have 
examined the propagation of a 200-cm by 9-kiii pulse 
with 10" erp for 10"'' sec.  The pulse moves 3 km during 
this time and it is possible to observe the onset of the 
' iser-fluid interaction in some detail. 

III.  RESULTS OF THE COMPUTATION FOR 
THE ELECTRIC FIELD 

The results of the calculation are presented in Fips, 
1—17. The electric field is conveniently considered in 
terms of the quantity 

\M\*Ut*MP**, (13) 
where A, -nd /:3 are the slowly varying electric ampli- 
tudes u.-fined in (2). The instantaneous electric field is 
thus piven by 

£H£|co8(u.1/-A-,,z W,f), (M) 

where the phase Ig is piven by 

^rrtan-'C/^//:,). 

As shown in (9), at /    0,  / , i.; taken to be zero and, 
consequently, 6fi Is zero initially. Thus 

riti. 9. Viirion.s properties of the piilse 
are -.liown in the tz plane. The location of 
the peak in the z profile is shown as a 
function of r aW   ■ ami at /   Ut* see. The 
phase fronts with £,    o an- shown ;it / 
I    Id*6 sec.  The o|H-n circles locate the t- 
protile nodes of f, at t    HyH)J' sec.   I'he 
small squares hicate the secondary max- 
ima of the pulse al t   111-* sec. 

07 
(AZ.045l.m)- 

w a   ii   n .   o   n, 
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IIC. Id. on-axis li-miieraluii- miicinont T - T, Is bhown us, a 
fimclion of z at /    lir1 bc-c. 

so that after lO-"1 sec, the p ?ak has lost alxiut | km with 
rtspeet to ^(..  Not.- that the cxnonen^al dampinK factor 
shown in (2) U not included „i the quintity 1 Al appearlnR 
In the Kiaphs.  For air, this factor Is Urpr than 0.95, 
even at /    10" sec. CXher than this effect, very little 
energy is lost from the beam due to heating of the fluid, 
so the distortion effects shown in Fip.  1 arc rather 
minor and are noticeahle only near »he peak of the pulse. 
Extra detail of this peak distortion : , shown in Fit?. 2. 
For purposes of this display, the leading edfjes have 
boen placed lonethcr so tha* the curves intersect at lAI 
= 10' (or^/cni'Y" and the crrespondinK abscissa has 
been labeled 42, 5, the location of this point at /: 0. The 
retrograde peak motion and the corresponding loss of 
fore and aft symmetry in the vicinity of the -eak are 
plainly seen. 

The radial beam profile is exhibited in Fitr.s. 3 and 4. 
The radial slice shown at each value of the time is taken 
throutli the position of the maximum «, in the ^ profile. 
In Fip.. 3 the entire beam profile is shown for the ini- 
tial and final times only. Comparison of the curves re- 
veals a small on-axis increase extending out to the 
beam half-width (half of the full 1 > width) at foa 100 
cm. The effect amounts to a 47",' increase in the oti-axis 
intensity.   Details and intermediate states are piven in 
Fip. 4. 

Although It may appear from Fips.  1-4 that the enerpv 
in the pulse is not conserved properly and that the beam 
is paininp enerpy, such is not the case. The total enerpy 
in the pulse is in fact constant to within t% throuphoul 

'E\=*:l    at/^0, (15) 

and A, is described by Kqs.  (9)-(n) Initially. Tl.'s ini- 
tial pulse shape in exhibited in Fips.  1(a) and 3. 

In Fip.  1 the « profile of the pulse is shown at the initial 
time, at IG-5 sec, and at two intermediate times.  For 
1*0, the pulses are not absolutely symmetric about 
their juaks. In order to exhibit this asymmetry, the 
curves are plotted as a function of \z -zc\, where ^   is 
the center of the pulse. This device allows direct com- 
parison of the leadinp and trailinp edpes of the pulses. 
The center ic is defined to be th« point equidistant from 
the leadinp and trailinp edpes at i /-.I = 1 (erp/cm1)1". 
Thes i values are (/ in sec) 

/rrQ      /=Gxi0-" 

« =30  * »34 

/ = 8xl0-"    r 

« *35. 3 

IO-1 

/r«36.6, 

(If.) 

where for convenience, distances alonp the z axis will 
be piven in units of prid si/.e: A«- 0.45*10'* cm -0. 45 
km. One notes, therefore, from (16) that this pulse cen- 
ter propapates at the veloc.ty rc «2. 97x10" cm/sec, the 
velocity of lipht. The pulse peaks, however, are ob- 
served to drift backward with respect to ee (/ in sec): 

/ = 0 

«  =30 

6x10-"  /rrSxlO"6  /^lO"4 

(17) 
«  =34 

P z, "35. 2 = 35.3, 
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HO. U   Uadial profile of the U-mperaturo increm ■ 
aU   M   "•*»»• «lice throuKhth^maictmum of 
nlc.  Ihis maximum is at z   :i;i as may IK- seen in 1 

nt is shown 
the z pro- 
ig. 10. 

L. 
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HO. 12, i component r, of ihc (luiil vi'lncity i" shown on axis 
as a function of t at t   lu-5 sec. A ilouhle Ion plot la usi-d «hlth 
omits valui'S of i, bctwt'fn It»*5 and - 10"3 cm  sec, 

the computer calculation. The shape of the pulse is 
merely becominp slightly more complicated,  Althouph 
the radial peak is on a.xis in the slice through the peak 
in the i profile, this is not the case for slices taken be- 
hind it.  For example, at /-10''1 sec, the principal peak 
is at zp =35, 3, As one moves awav from this peak to- 
ward the trailinp edpe, the radial peak moves off axis 
pivinc a maximal effect near 1*11, The principal peak 
of the pulse is, however, always on axis. The radial 
profile at «-31 is shown in Fip.  5. This is clearly only 
a small detail at fa lO"' sec. The position of this off- 
axis secondary peak is also located in Fip. 9 and 
marked with tiny squares. 

In order to follow the development of the phase of the 
electric field, the quantity \KX\ is plotted in Fips, 6—8, 
for MO. Of course, at /-0,  If, I-/-,   and the phase bt 

Is zero. In these three fipures the praph of I Al is 
■trind with dotted lines for comparison. The corre- 
spondinp value of ' A,; can be deduced from these fip- 
ures, usinp (13). These fipures show far more dramatic 
effects than the curves discussed above.  At / - 6 " 10'" 
sec, the phase is still nearly zero and A', Is positive 
everywhere. At / —8 ^lO'" sec, however, /-.', has chanped 
sipn over a 3-km repion oxtendinp from sliphtly in front 
of the peak of l£l toward the trailinp edpe of the beam. 
This is clear-cut evidence of the onset of laser-fluid 
interaction in the trailinp edpe of the beam. It is clear 
that the front ol the pulse and the distant tail are, as 
yet, unaffected by this interaction.  It Is Interesting that 
the unperturb'.d part of the leadinp edpe does not reach 
as far back  .s the principal peak. Thus, the peak al- 
ready feels the effects of the interaction to some depree 

and comparison of (10) and (17) reveals that the peak 
will now bepin to lose pniund with rMpWl to the center 
of the pulse. This effect has already been noted in the 
praphs of l£l. 

Since there are now places where I f., I is zero, it is 
clear that the phase poes to Jit at these sites. The am- 
plitude £, responds stronply at those places where Ex 

-0, fulfillmp the oblipalion to conserve |)ower. One 
notes that the praph of 1/-.    remains very smooth, plvinp 
no indication that the phase is varyinp rapidly.  Fipure 8 
shows the later development of the repion in which A, 
chanped sipn. Th' repion in which A, <0 is now 7 km 
lonp, nearly as larpe as the 1/V width of |f|, This re- 
pion has advanced now to ;; point well in advance of the 
principal peak and extends back far into the tail.  It ap- 
pears that this node is prnpapatinp forward at nearly 
four times the speed of lipht.   Furthermore, there has 
been another sipn revere il of A, sliphtly behind the 
peak.  It is this kind of usclllptory behavior in A,, with 
larpe variations on the scale of the chosen mesh size, 
that brinps a halt to further observation of the beam de- 
velopment by this method. 

On the rt plane shown in Fip. 9, the constant ph: se 
curve Ex - 0 i.s shown in detail at / - 10""' sec. Also 
marked, with small open circles, is the on-axis extent 
of the similar curve at ^-8*10"" sec, encountered in 
Fip. 7. Also indicated on the same fipure is the locus of 
maxima in the / profile of the pul..e for off-axis slices, 
both at /-0 and /rrlO"'1 sec.  At r-0, the pulse Is de- 
scribed by (9) and clearly the off-axis slices all have 
maxima in z positioned at i^,-30. As the pulse propa- 

0 1 1 L_l_l _L1_J 
O      02    04     06    08      10      12 

-r-   It ■ 200 cm )  k 

FIG. 13, Radial component vr of the fluid velocity is shown as 
a function of r at /   10-!' sec. The slice is taken at «   Wl, the 
location of the "(enter of velocity" shown in lip, Vi.. 
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Kic;. 14, OMHWto fluid density decrement, -ip- 
as a Innutiun of e dl I    W" sec. 
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Rates, however, the peak moves slower than the velocity 
of li(;ht, as previously noted. The off-axis portions of 
the pulse, however, have much smaller Intensity and, 
consequently, intei act very little with the fluid.  These 
portions of the pulse will suffer no delay, and move 
steadily ahead of the principal peak. One notes that at 
two-thirds of the radial half-width of the beam, the de- 
lay has disappeared almost completely. As mentioned 
above, the small squares locate the secondary peaks 
present at t= 10*s sec. 

IV. ANALYTICAL PROCEDURE DEVELOPED 
TO EVALUATE AND EXTEND THE CALCULATION 

The phase-front information presented In Figs. 6—9 is 
an interesting feature of '.he results of the computer so- 
lution. Since I /■. I turns out to he a rapidly varying func- 
tion of time, It is of interest to attempt to understand 
the mechanism responsible for the behavior of £,. In 
order to understand this behavior, one must realize that 
the phase depends on the state of the fluid. The state of 
the fluid given by the computer calculation is shown in 
Figs.  10—16. Before these figures are discussed, how- 
ever, it Is convenient to examine certain analytic esti- 
mates for the fluid variables. Such estimates will allow 
insight into the behavior of /•., and, later, will facilitate 
the discussion of the computer results for the fluid 
variables. 

In order to describe the behavior of A,, It is useful to 
write the electric field In the form 
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A = ^)(rIi-r/)exp{/(u>t/-(v7^t/r)«]} + c.c. ,      (18) 

where 

/0.jFexp(-4(r/r0)
I]exp{-4((,-c/)/t0l' (19) 

and 

/7«IM(«O-I)/2P„1P., (20) 

wl ere F Is a slowly varying amplitude, p^p-po Is the 
local density excess, and for the present considerations 
Zp, has been put fqual to zero.  Combining Eqs.   (18)— 
(20), the electric field can be put In the form shown in 
(2) with 

(21 (21) 

•i 

These expressions agree with (9) at / = 0 and offer a way 
estimate the behavior of £, at subsequent times. On the 
basis of (21) the nodes of F, might be expected to be de- 
termined by 

cos[kLi[{f0-l)/2Pn]p,}=0. (22) 

Actually, this expression should be modified slightly If 
one wishes to attempt to get quantitative agreement with 
the computer solution. It is clear that (21) requires F, 
to vanish at z = 0 at all times. This is not the same 
boundary condition which was u c-d in the computer solu- 
tion. Actually one should use 

t'^CO'itp 

with 
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FIG. 15. Radial dunslty distribution is exhibited as a function 
(.1 i- ul ( 10-* sec. 'Jlie sllcu l.s taken at t 3Ü, the location of 
the density minimum detailed In Kit;. 14. A double log plot Is 
used whleh omits values between lU"1 and - !()*• g/cnJ. 
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-»I t!f(((('o-i)/2p.,ip1;,..(.'/." (23) 

Tho integrand in (23) should bo evaluated at z' and /', 
where 

c(r -l)=z' -t. 

It is clear from (21) and (23) that the mechanism re- 
sponsihle for the behavior of /•., is easily exhibited. To 
acluallv follow the behavior of /;,, however, it Is clearly 
necessary to determine the state of the fluid. In particu- 
lar, the density excess p, must be obtained as a function 
of time and |)osition. In order to analytically describe 
the fluid for the time interval and parameter ranges of 
the computer solution, the laser-fluid equations may be 
simplified to 

Pk lx*l^im + 2£-t 
H ß   si    c 

and 

^„v2?;, 

(24) 

(25) 

where Tj Is the local temperature excess, 7- 7^. One 
must recall that the intensity, cl?, appearinR in (24) is 
a function of time and position. InteRratinu (24) from 
zero to / and comblninK the resulting equation with (25) 
to eliminate 7",, one can obtain 

It is sliaii^hlforwaid to inlep-ate this expression and, 
although the detrüs 'vill not be piven here, It is clear 
that p, will have the form 

C'-'M-^IK"' (27) 

so that p' n, oil axis and there is an off-axis maximum 
in the density. In other words, there will be a pile up of 
the fluid at a distance r*l,r„ from the axis. 

The temperature distribution can easily be obtained bv 
inteRratir.R (24) from zero to /: 

A MgUftM« term invnlviiiR p, can be evaluated usinp 
(27) and has been diopped to obtain (28). 

Combinim; (27) wit!   (23) the behavior of ht can be visu- 
alized anr studied analytically. Closed contours .' ich as 
those sh)wn in Fie. 9 are predicted and o^her qualuJ.ve 
features are correct. A detailed comparison of this an- 
•ilytical procedui e and the computer result i.' in pro- 
press and it is now clear that striking quantit itive 
acreement is obtained. This succ ss is of proat interest 
because the analytic procrdui e, ..nlik" the present com- 
puter solution, is not limited to l0", sec.  For the pres- 
ent'however, only the computer solution is presented 

V. RESULTS OF THE COMPUTATION FOR 
THE STATE OF THE FLUID 

Analysis of the computer result for the state of the fluid 
at 1= lO"'1 sec will now be considered.  For this discus- 
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Kl«. 17. Location and lull !,<• widths of the various laser and 
fluid pulses are shown vs z.   The |xak-lo-valley distance is 
shown for v,. The initial and final location? of the laser power 
peak are also indicated. 
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slon, It is useful to keep several chararteristic dis- 
tances in mind. Since the state of the flunl is governed 
hv the intensity profile 

^«.lUMJ^cltf, f29) 
rather thin by \M\ dirertly, the lollovlag initial param- 
eters are relevant: The full 1 /c width of the « profile of 
the inteasilv is 

'o/v7 = 14.1     in units of A«-0.45 km. (30) 

At   ^    «^t !«,■ ifi5, 

91) S^ 
so that t\L/?t has extrema separated by 10 units. The 
full J width of the radial intensity profile is 

fo/vl =0. TOV.^Hl cm. (32^ 

At    >•= Jrn= 50 cm, 

?Vi 
(33) 

so that /,/'■»- has a mxximiiM. The maxima on opposite 
sides of the axis Wi.mieter of the dmslt) doughnut) arc 
sipai ated liy 100 im. 

The local temperature excess T- 7,.  where 7,- 10oC, 
is shown in Plf   10 as a fanettOil XA / at /    Id-' sec. 
This curw is in complete quantitative ai'.reement .\1ih 
the analytical result shown in (2H).  The hottest place in 
(In beam lies on the axis at ^ ^33. 3. Since the intensity 
peak is at .'f«3:).3, it is cleai that the thermal peak is 
i.i;;s',mi; behind the intensitv pmk. Since ^.*30.C at this 
time, it is clear that the thermal peak is almost exactly 
midwav between the initial and final pulse centers.  Thus 
one finds, as expected, that the thermal peak propagates 
at velocity \c lor small time.-.. This and other proper- 
ties of the thermal profile are readily understood on the 
basis of the lollowint; consideralions. The temperature 
responds to the heal deposited in the medium, so that 
from (2fa). 

T(>)-Tr-f'       (ArUb^h 0)-'-] (34) 

Due to the symmetry of lL and the fact that it is 
Gaussian, it follows from (34) that Id) should reach a 
maximum midway between f. and z. for small times. 
Furthermore, the graph of 7U)- 7, sh. uld be symmet- 
ric about its maximum. Both ot these f 'atures are evi- 
dent in Fin,  10. Since the peak moves nuch less than 
its half-width in lO-  sec, the integrand in (34) is essen- 
tially constant.  Kvaluatin« lL(y,?:,i) at the mld|X)int of 
the interval, one obtains 

(35) 

From (35) one concludes that the width of the thermal 
distribution should equal the width of the intensity dis- 
tribution.  Indeed, one sees in Fi£. 10 that the tempera- 
ture distribution has a width 14. 1, which is to IK; com- 
pared with (30). 
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The corresponding radial temperature distribution at 
z    33, the position of the maximum at I - lO"1* sec, is 
given in Fin.  H. This curve, also, is In complete quan- 
titative agreement with the analytical result shovn in 
(28). The temperature has reached a maximum of more 
than 1000 "K on axis and the full width of the distribution 
is lound to be 0. C7)-„    134 cm, 5',  narrower than the 
initial radial intensity width. One mi^'t have expected 
the temperature dsti ibution to be broader than the in- 
tensile profile because the iMfi radial velocity of the 
fluid should carry some of the  leposited energy away. 
In fact, this effect may possibly be observed in ihe fol- 
lowint; way. One Hlght compare the temperature distri- 
bution not to the original Gaussian intensity profile, but 
rather to the 1/,■ width of the radial intensity profile at 
/    lb-  sec. This final intensity profile has a width of 
128 cm or 5',  less than the temperature width. The 
average of the two intensity widths is 134. 5 cm, almost 
exactly the observed temperature width.  This averape 
may be the best measure, becuase the thermal peak is 
midway between the ini«    1 and final intensity peaks. 

The z component r, ol the fluid velocity is shown in Fip. 
12 as a function of z. A double lop plot is used which 
omits values of ^ between 10"' and -10'1 cm/sec. This 
kind of plot allows negative values of »^ to be plotted 
below the "axis". The zero of the velocity distribution 
occurs around z a 32. 2, so the "center of velocity" laps 
slightly behind the thermal maximum.   From the differ- 
ential equation lor if, one mi^ht expect to find 

'*   **    9i   ' (36) 

so that the peaks in Fi\'..  12 would be separated by 10 
units accordini; to (31).  Indeed, the peaks are found to 
be separated by 10. 2 units.   Furthermore, since the 
temperature curve is svmmetric about its maximum, 
(30) would suRpcst that rx should be antisymmetric about 
its zero. This effect is correctly observed in Fin.  12. 
The velocity distribution is delayed with respect to the 
temperature distribution, but this symmetry property is 
unaffected. 

At the same value of z, correspondinp to the center of 
velocity of the z com|H)nent, the radial component r is 
plotted in Fin.  13. This value of z corresponds also to 
the tarnest radial velocities, so that z    32 minht also 
be termed the site of p eatest kinetic energy In the fluid. 
The radial velocity maximum is 4G00 times larger than 
the maximum axial velocity. This effect arises because 
of the great disparity in the intensity widths in the two 
directions. As a matter of fact. 

f^-?^ 4625 and 
1,    tK|0> 

n 200 
4500, 

The curve of»; is forced to go to zero, as r goes to 
zero, by the boundary conditions shown in (5). One 
notes, however, that the peak Is locatec' at the distance 
0. 25r,) from the axis, exactly the location of the maxi- 
mum of '>lL/;<r shown in (33). Thus one finds 

Or    Or (37) 

mm 
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as wuuld be oxportod from tht« (liffercnlail equation for 

Hriiuu'iu up the rear in the sinnicnco of effoefs is the 
density niinimuin at lOl.t, The drnsitv decrcnent 
-(p-lh) >s shown in Fit;.   '4.   Usint; (25), one niiKht 
ex|)ecf 

(38) 

so that p an^l T will have the same / dependence. * There 
should, hoA-ever, be a double time delav, since two time 
inteurations arr' indicated in (3fi).  The width of the den- 
sity decrement is found to be 14. 5, alxnit 3fjf wider than 
the thermal and intensitv widths   The mx'iimum frac- 
tional decrement (p„ - ,»)/()„ »4* lO''. 

The radial density distribution is exhibited in Fi;;.  15 
at z- 32, the location of the density minimum in the i 
profile.  Apain, a double log plot is pven so that both 
positive and negative density excesses can be conve- 
nieiitly leprcsented. This time a densitv |)ile up is ob- 
served because the fluid has been blown .way from the 
axi.i so fast »hat a compressioii wave is peneraied. The 
zero in the r,.aph is  it 0. 36);,. riuht at the half-widths 
of the thermal and intensity distributions. Thus inside 
the thermal half-width the densitv is depressed; outside 
the fluid has piled up.  The radial densitv profile shown 
ir Fip.  15 is in excellent atireement with that predicted 
in (27).  For example, thr /.ero observed at >•/»;, *0 3(5 
is prediceo to occur at 

>•/>;,= I Al"^ 0.354. 

similarly, the location of the peak ooserved at r/»;, 
*0. 51 is predicted to occur at 

)7»n ■ '  • 

Similarly, the ratio of peak 'leii'ht to vallev depth is also 
correctlv predicted. As a matter of fact, when one takes 
the trouble to evaluate the function /•"(*./) appearinu in 
(27), he finds precise agreement between (27) and Fip. 
15. Thus, )K)th '27' and (28) are in COM Miete quantitative 
apreemenl with the result of tho computer calculation. 

Ficures IG and 17 exhibn the parade of effects, illus- 
tratinp praphicallv the -.•irious delavs. pulse shapes, 
and .vidths.  Phvsically Jie delavs make sense.   First the 
beam blasts throuph, heatinp UM fluid as it passes.  As 
explained above, the temperature maximum moves at 
V and. thus, behind the laser peak. As this tempera- 
ture wave parses alnnp, the fluid picks up kinetic enerpy 
and the flow velocities increase. The center of this ef- 

fect trails the heat wave, allowinp time for the fluid to 
res|K)nd. Then, as the fluid bepins to flow away from the 
propapatinp center of velocity, density deficits ire left 
in the wake and corresixuidlnp radial compression 
waves set out from the beam axis. 

VI. SUMMARY OF RESULTS 

In portions of the pulse where the intensity is small, 
there is vei y little interaction with the fluid and th -se 
portions move without appreciable disU.'tion. The peak 
of the pulse, however, interacts fairly stronply with the 
fluid and the peak is delayed relative to the center of the 
pulse.  A parade of effects ensues; the center and f dpes 
of the pulse are followed bv the peak, which, in turn, is 
followed consecutivelv bv the thermal wave, the center 
of velocity, and the density waves. The front edpe of the 
pulse propapates wiHvnit appreciable distortion, but 
sir' np phase oscillations are set up near the peak and 
rapidly overtake the undisforted front section indicating 
that soon the entire beam will be distorted to some do- 
pree. The stronpest instabilities predicted in the lin- 
e?rized analvsis of Ref.   1 could not appear in the com- 
puter solution because they are pcneraled by ripple with 
wavelenpth an order of mapnitude smaller thr.n the mesh 
size used. The success of the analytic analysis present- 
ed here suppests, hovever, that such instabilities are 
not imixjrtant for the time interval considered. 

There is very little hope of obtaininp computer solutions 
of the laser-fluid equations except in the tiphtiy limited 
repime reported here, unless a different calculational 
procedure can be devised. Since, however, it appears 
that a certain amount of analvtical headway has been 
made, there is reason to believe that, with appropriate 
combination of analytical and computer methods, the 
l»eam can be followed for consider iblv lonper periods of 
time.  Kffort is currently beinp directed toward this 
objective. 
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